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Abstract
If G(X) denotes either the free topological group or the free Abelian topological group over a topological space X, we prove
that
∏n
i=1 G(Xi) is a hemibounded bf -group whenever each Xi is a pseudocompact space (which provides a new way to generate
this kind of topological groups), and we show that the equality μ(X ×∏ni=1 G(Xi)) = μX ×∏ni=1 G(βXi) holds whenever X
is a hemibounded bf -space (where μY stands for the Dieudonné completion of Y ). By means of the Dieudonné completion we
prove that every pseudocompact space X is G-Tychonoff whenever G is a bf -group and that the maximal G-compactification of X
coincides with βX. We apply this result to obtain a partial version for G-spaces of Glicksberg’s theorem on pseudocompactness
and we analyze when the maximal G-compactification of a G-space X coincides with the Stone– ˇCech compactification of X in the
case when G is a metrizable group.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper all spaces are assumed to be Tychonoff and all topological groups are Hausdorff. By a
G-space we mean a triple (G,X,α) where G is a topological group, X is a topological space, and α :G × X → X
is a continuous action. We say that a G-space X admits a G-compactification if X can be equivariantly embedded
into a compact G-space as an invariant dense subset. In this case, X is said to be G-Tychonoff and the maximal
G-compactification of X will be denoted by βGX.
Two noteworthy problems in the realm of G-spaces are related to the existence of a G-compactification and to
the equality βGX = βX (where βX stands for the Stone– ˇCech compactification of X). A celebrated theorem of de
Vries (see [23]) states that every G-space admits a G-compactification whenever G is locally compact (see also [17]
for G a compact Lie group and [4] for G a compact group). It is still an open question whether there exists non-
locally compact groups enjoying this property (for some recent interesting results in this framework with references
about some G-spaces which are G-Tychonoff the reader can consult [16]). The study of the equality βGX = βX was
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bounded real-valued function f on X is α-uniformly continuous (that is, for any ε > 0 there exists a neighborhood
U of the identity in G such that |f (gx) − f (x)| < ε for all x ∈ X, g ∈ U ). In [20] (see also [22]) de Vries shows
that βGX = βX whenever the underlying topological space of G is a k-space and X is pseudocompact, and rises the
question of finding necessary and sufficient conditions for a G-space in order that βGX = βX [20, Problem 5.9].
The results presented in this note are related to these two previous questions. In some ways, we carry on with
the research started by Antonyan and the second author in [5] where (locally) pseudocompact group actions on bf -
spaces are studied. Here we undertake the symmetric case: G is a bf -group and X a pseudocompact space. Our
techniques deal with the concept of Dieudonné completion μX of a Tychonoff space X, in particular with the equality
μ(X × Y) = μX ×μY . The paper is organized as follows. In Section 2 we present some new examples of bf -groups
which show that this class is wide-ranging and we prove some results concerning the equality μ(X × Y) = μX ×μY
for bf -groups and for free (Abelian) topological groups (see [6] for the study of the equality μ(X×Y) = μX×μY in
the realm of topological groups). Section 3 is devoted to the study of bf -actions. We show that every pseudocompact
space X is G-Tychonoff whenever G is a bf -group and that then the equality βGX = βX holds which improves the
above result of de Vries [20]. We also apply these results in order to obtain a partial version of Glicksberg’s theorem
for G-spaces, and to characterize by means of stabilizer groups when βGX = βX holds for a metrizable group G.
Our terminology and notation is standard. For instance, clXA stands for the closure of a subset A in X, and f |A
for the restriction of a function f to a subset A. The ideas and facts on the theory of G-spaces not defined here can be
found in Bredon [8] and Palais [17].
2. bf -groups
A subset A of a space X is said to be bounded (in X) whenever f |A is bounded for every real-valued continuous
function f on X. A space X is pseudocompact if it is bounded in itself. A function f :X → Y is called bf -continuous
if its restriction to each bounded subset of X has a continuous extension to the whole X. A space X is called a
bf -space if every real-valued bf -continuous function is continuous. (Locally) pseudocompact spaces (in particular,
(locally) compact spaces), first countable spaces (so metrizable spaces) are usual examples of bf -spaces. kr -spaces
(i.e., spaces where a real-valued function is continuous whenever its restriction to every compact subset is continuous)
are also bf -spaces. Thus, the class of bf -spaces contains the class of k-spaces (recall that a space X is a k-space if a
subset of X is closed whenever its intersection with each compact subset of X is closed).
In the sequel by a bf -group we mean a topological group such that its underlying topological space is a bf -space.
In [18] the first examples of bf -groups which are neither kr -spaces nor locally pseudocompact were given. Firstly a
definition is in order. Let X =∏α∈I Xα be an infinite product space and let p be some point in X. For each cardinal
κ the Σ<κ -product of the family {Xα: α ∈ I } with basic point p is the subspace of X which consists of all points
differing from p on less than κ coordinates.
Theorem 2.1. [18, Corollary 4.1, Theorem 4.3] Σ<κ -products of locally pseudocompact groups are bf -groups. So, the
weak direct product of a family of locally pseudocompact groups, and an arbitrary product of locally pseudocompact
groups are bf -groups.
Theorem 2.2. [18, Lemma 4.2, Corollary 4.3] Let X be a bf -space. If X → Y is an onto quotient map, then Y is also
a bf -space. In particular, coset spaces of bf -groups are bf -spaces.
Corollary 2.3. Let G be a bf -group. If H is a closed normal subgroup of G, then G/H is a bf -group.
In the sequel we generate bf -groups by means of free (Abelian) topological groups. We use the symbol G(X)
to denote both the free topological group F(X) and the free Abelian topological group A(X) over a space X. For
each n < ω, Gn(X) stands for the closed subset of G formed by the reduced words whose lengths are less than or
equal to n (n < ω). We say that a space X is topologically complete if X is homeomorphic to a closed subspace of a
product of metrizable spaces. It is known that for every space X there exists a unique topologically complete space
μX, up to homeomorphism which leave X pointwise fixed, in which X is dense and M-embedded (equivalently, in
which X is dense and every continuous function f from X into a topologically complete space Y can be extended to
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metrizable space by the reals with the usual topology we have the definition of realcompact space and of the Hewitt
realcompactification υX, and we meet the concept of C-embedded subset. A remarkable theorem of Shirota states
that μX = υX whenever every closed discrete subspace of X has nonmeasurable cardinal (for further information
and a proof of Shirota’s theorem the reader might see [13]). A space X is said to be hemibounded (respectively,
hemicompact) if there exists a countable family F of bounded (respectively, compact) subsets of X such that each
bounded (respectively, compact) subset of X is contained in some element of F . The family F is called a base for
bounded (respectively, compact) subsets of X. Notice that every hemicompact space is σ -compact and, consequently,
Lindelöf. So, a hemicompact space X is realcompact which implies that μX = υX [13, Theorem 8.2]. We have
Theorem 2.4. If X is a pseudocompact space, then the free topological group G(X) is a hemibounded bf -group.
Proof. Suppose X is pseudocompact and let f :G(X) →R be a bf -continuous function. Then the natural monomor-
phism i :G(X) → G(βX) is a topological embedding and every real-valued continuous function on G(X) has a
continuous extension to G(βX) [19]. By a Theorem of Graev [14] G(βX) is a hemicompact k-space so that G(βX)
is the Dieudonné completion (and also the Hewitt realcompactification) of G(X). Since clG(βX)Gn(X) is the compact
subset Gn(βX), Gn(X) is bounded in G(X) [13, 8E]. Now, if B is a bounded subset of G(X), clG(βX)B is compact
[13, 8E] and, consequently, there exists Gn(βX) such that clG(βX)B ⊂ Gn(βX) [12]. Since each Gn(X) is closed in
G(X), we have just proved that B ⊂ Gn(X) so that G(X) is hemibounded. Moreover, the previous argument implies
that we can consider for each n < ω, a function f μn which is the restriction to Gn(βX) of a continuous extension to
G(βX) of f |Gn(X). Define now a function g on G(βX) by the requirement g(x) = f μn (x) whenever x ∈ Gn(βX). Be-
cause of the equality clG(βX)Gn(X) = Gn(βX), g is well-defined. In addition, since every compact subset of G(βX)
is contained in some Gn(βX) [12], the restriction of g to each compact subset of G(βX) is continuous. Since G(βX)
is a k-space, g is continuous. Thus, f = g|G(X) is a continuous function which completes the proof. 
The fact that G(X) is a hemibounded bf -space is a powerful property. In fact, hemibounded bf -groups enjoy
interesting properties related with the distribution of the functor of the Dieudonné completion. Our starting point is
the following result
Theorem 2.5. [9, Proposition 3.1] If X is a hemibounded bf -space, then μX is a hemicompact kr -space which
coincides with υX. Moreover, every compact subset of μX is contained in the closure (in μX) of some bounded
subset of X.
Now we can proof the following:
Theorem 2.6. The equality μ(G × X) = μG × μX holds whenever G is a hemibounded bf -group and X is a hemi-
bounded bf -space.
Proof. By Theorem 2.5, both μG and μX are hemicompact kr -spaces which implies that so is μG × μX (actually,
a normal hemicompact k-space, see [24] for details). Since hemicompact spaces are both Dieudonné complete and
realcompact, we only need to prove that every real-valued continuous function on G × X has a continuous extension
to μG × μX. To see this, let f :G × X → R be a continuous function, and let f μ be the continuous extension of f
to μ(G × X). Now, for each pair of bounded subsets A and B of G and X, respectively, let us denote by fA,B the
restriction of f μ to clμ(G×X)(A × B). Since clμ(G×X)(A × B) and clμGA × clμXB are equivalent compactifications
of A × B [15, Theorem 4.7] , we can consider fA,B as a function from clμGA × clμXB into R.
Now let h be a function on μG × μX defined as h(g, x) = fA,B(g, x) whenever (g, x) ∈ clμGA × clμXB . We
only need to show that h is well-defined and continuous. In fact, if (g, x) ∈ μG × μX, Theorem 2.5 tells us that we
can find bounded subsets A and B with g ∈ clμGA and x ∈ clμXB . Next, if we choose two other bounded subsets A′
and B ′ such that g ∈ clμGA′ and x ∈ clμXB ′, since A ∪ A′ and B ∪ B ′ are bounded subsets of G and X, respectively,
the continuity of f μ implies that
f(A∪A′)×(B∪B ′)(g, x) = fA,B(g, x) = fA′,B ′(g, x)
F. González, M. Sanchis / Topology and its Applications 153 (2006) 3320–3326 3323and, consequently, h is well-defined. Since μG × μX is a kr -space, to finish the proof if suffices to notice that, since
every compact subset of μG × μX is contained in the closure of a bounded subset of G × X (Theorem 2.5), h is
continuous on every compact subset of μG × μX. 
Corollary 2.7. If G,H are two hemibounded bf -groups, then the equality μ(G × Y) = μG × μH holds.
Buchwalter proved that the product of two hemibounded bf -spaces X,Y is a hemibounded bf -space whenever the
equality μ(X × Y) = μX × μY holds [9, Proposition 3.4]. We gather this result and Theorem 2.6 in order to obtain
Corollary 2.8. If G is a hemibounded bf -group, then the product space G × X is a hemibounded bf -space for every
hemibounded bf -space X.
In the realm of free topological groups the previous results apply to have the following
Corollary 2.9. If {Xi}ni=1 is a family of pseudocompact spaces, then
∏n
i=1 G(Xi) is a hemibounded bf -space. More-
over, if X is a hemibounded bf -space, then
μ
(
X ×
n∏
i=1
G(Xi)
)
= μX ×
n∏
i=1
G(βXi).
3. bf -actions
In this section we study actions of bf -groups. Our first goal is to show that pseudocompact spaces are G-Tychonoff
whenever G is a bf -group and that βGX = βX. We will obtain this result as a consequence of an extension theorem.
Firstly we need two lemmas. The first one is Lemma 3.3 in [18]. The second one follows by the standard continuity
argument, and using the fact that a space X is dense in μX.
Lemma 3.1. If X is a bf -space, then each bf -continuous function g from X into a Tychonoff space Y is continuous.
Lemma 3.2. If an action α :G × X → X has a continuous extension αμ :G × μX → μX, then αμ is an action.
If we gather Theorem 2.6 and Lemma 3.2, we obtain that every action of a hemibounded bf -group G over a
hemibounded bf -space X can be extended to an action on G × μX. Our next theorem generalizes this fact.
Theorem 3.3. Let G be a bf -group and let X be a hemibounded bf -space. If G × μX is a bf -space, then each
continuous function f :G × X → X has a continuous extension to a function g from G × μX into μX.
Proof. As in the proof of Theorem 2.6, for each pair of bounded subsets A and B of G and X, respectively, we have
clμ(G×X)(A×B) = clμGA×clμXB . Let B be a bounded subset of X. Since the function f has a continuous extension
f μ that maps μ(G×X) into μX [13, Theorem 8.7], for each bounded subset A of G we can find a continuous function
gA,B from clμGA×clμXB into μX such that gA,B |A×B = f |A×B . Define now a function gμB from G×clμXB into μX
as g
μ
B(g, x) = gA,B(g, x) whenever g ∈ A with A a bounded subset of G. It is straightforward that gμB is well-defined
and bf -continuous. Since clμXB is compact, G× clμXB is a bf -space [7, Theorem 9], so that gμB is continuous. Next
define a function h on G × μX as
h(g, x) = gμB(g, x)
whenever x ∈ clμXB for some bounded subset B of X. The function h does not depend on the choice of the subset B ,
that is, if x belongs to two bounded sets B and C (such bounded subsets exist because X is a hemibounded bf -space,
see Theorem 2.5), then gμB(g, x) coincides with gμC(g, x), that is, h is well-defined. In fact, it suffices to note that
g
μ
(g, x) = gμ(g, x) = gμ(g, x).B∪C B C
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bf -continuous. Thus, h is continuous because G×μX is a bf -space (Lemma 3.1). The result follows by the fact that
h|G×X = f. 
Remark 3.4. The product of a bf -group G and a hemibounded bf -space X can fails to be a bf -space. In fact, in [18,
Example 4.1] it is showen that there exist topological groups G and X such that G is a complete metric space (so a
Dieudonné complete kr -space), X is a hemicompact kr -space, and G × X is not a bf -group.
By Lemma 3.2, Theorem 3.3 implies
Corollary 3.5. Under the conditions of the previous theorem, every action α :G × X → X can be extended to an
action αμ :G × μX → μX.
Now we are in a position to give the promised result on pseudocompactness.
Theorem 3.6. If G is a bf -group and X is a pseudocompact space, then every action α :G×X → X can be extended
to an action α¯ :G × βX → βX. So, X is G-Tychonoff and βGX = βX.
Proof. X is pseudocompact so that μX = βX [13, 15Q]. Since every pseudocompact space is a hemibounded bf -
space and G × βX is a bf -space [7, Theorem 9], Corollary 3.5 applies. 
A well-known theorem of Glicksberg states that the product of two infinite pseudocompact spaces X and Y is
pseudocompact if, and only if, β(X × Y) = βX × βY . As the following theorem shows Glicksberg’s theorem and the
equality βGX = βX can be used in order to obtain partial versions of Glicksberg’s theorem in the realm of G-spaces.
In this way, the following theorem generalizes [21, Corollary 5.7]. Recall that given two G-spaces (G,X,α1) and
(G,Y,α2), the product G-space is defined as (G,X × Y,α1 × α2) where α1 × α2 is the product action on X × Y .
Theorem 3.7. Let (G,X,α1) and (G,X,α2) be two G-spaces. If G is a bf -group and X × Y is pseudocompact, then
the equality βG(X × Y) = βGX × βGY holds.
Proof. Since X × Y is pseudocompact, both X and Y are also pseudocompact spaces. So, by Theorem 3.6,
βG(X × Y) = β(X × Y), βGX = βX and βGY = βY . The result now follows from Glicksberg’s theorem. 
The equality βGX = βX can be true for nonpseudocompact spaces. For instance, if G is either a discrete group or
the action is trivial, the properties of the Stone– ˇCech compactification imply that βGX = βX for every G-space X.
This means that additional conditions are needed in order the space X be pseudocompact. We close this section by
taking on this question. As usual, given an action α :G × X → X, gx stands for α(g, x). If X is a G-space, for any
x ∈ X we denote the stabilizer (or stationary subgroup) of x by Gx = {g ∈ G | gx = x}. Observe that Gx is a closed
subgroup of G. Given a cardinal κ , a space X is said to be pseudo-κ-compact whenever every locally finite family
of nonempty open sets has cardinality less than κ . χ(G) stands for the character of a topological group G. The next
theorem gives some information about a G-space X whenever βGX = βX. For locally compact groups it was proved
in [22, Proposition 3] by means of an adaptation of Proposition 3.4 of [10]. However, local compactness does not play
any role in the proof of [22, Proposition 3] which is valid in general. For the sake of completeness we give a detailed
proof. First we present a lemma which is straightforward. Let X0 be a subset of X defined as follows:
X0 = {x ∈ X | Gx is open in G}.
Lemma 3.8. Let G be a topological group. For every G-space X, the following assertions are equivalent:
(a) X0 has empty interior.
(b) The set {x ∈ X | Gx is not open in G} is dense in X.
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or X is pseudo-χ(G)-compact.
Proof. Suppose to the contrary that X0 has empty interior and X is not pseudo-χ(G)-compact. Consider a discrete
family M of pairwise disjoint open subsets of X of cardinality χ(G) and a local base of cardinality χ(G), say B, at
the identity e of the group G. Let b be a bijection of B onto M.
Now, for each (U,b(U)) ∈ B×M we show that there is a neighborhood HU ⊂ U and an open subset W ′U of X such
that α(HU × W ′U) ⊂ b(U). Indeed, choose yU ∈ b(U). Since α is continuous and α(e, yU ) = yU , we can find open
neighborhoods VU , W ′U of the identity and of the yU , respectively, with W ′U ⊂ b(U) and such that α(VU × W ′U) ⊂
b(U). Now it suffices to put HU = VU ∩ U .
Next, since X0 has empty interior, for each U ∈ B there is xU ∈ W ′U ⊂ b(U) such that GxU is nonopen and,
consequently, has empty interior. We claim that, for each U ∈ B, there exists gU ∈ HU verifying
gUxU ∈ b(U), gUxU 	= xU .
For see this, notice that, because GxU has empty interior, we can find gU ∈ HU \ GxU which implies that gUxU 	= xU
and gUxU ∈ α(HU × W ′U) ⊂ b(U) which proves the claim.
For each U ∈ B, the previous claim permits us to choose an open set SU ⊂ b(U) with xU ∈ SU and gUxU /∈ SU .
Define continuous functions fU , for U ∈ B, from X into the unit interval [0,1] satisfying
fU(xU ) = 1, fU (x) = 0 if x /∈ SU .
Since the family {SU }U∈B is discrete, the real-valued function f on X defined by rule f (x) =∑U∈B fU(x) is well-
defined, continuous and bounded. So, the assumption that βGX = βX implies that f is α-uniformly continuous, that
is, for every ε > 0 there is HU ⊂ U ∈ B such that∣∣f (gx) − f (x)∣∣< ε
whenever x ∈ X and g ∈ HU .
Now, if we choose ε = 12 , there is HU such that |f (gx) − f (x)| < 12 whenever x ∈ X and g ∈ HU . But if we
take x = xU and g = gU we obtain |f (gUxU) − f (xU )| = 1 which leads us to a contradiction. This completes the
proof. 
We have already mentioned that βGX = βX holds whenever the group G is either discrete or the action is trivial.
In this case X0 = X because either every subgroup of G is open or Gx = G for every x ∈ X. In the opposite case,
when G is connected, no proper subgroup of G is open which means that X0 is exactly the set of fixed points of G.
Corollary 3.10. Let (G,X,α) be a G-space with a metrizable group G. If X is G-Tychonoff and X0 has empty
interior, then the following assertions are equivalent:
(a) X is pseudocompact.
(b) βGX = βX.
Proof. Since every metrizable group is a bf -group, (a)⇒(b) follows from Theorem 3.6. To see that (b)⇒(a) it suffices
to notice that χ(G) = ω whenever G is metrizable. Then Theorem 3.9 applies because pseudo-ω-pseudocompactness
coincides with pseudocompactness. 
Taking into account that every metrizable pseudocompact space is compact, we have:
Corollary 3.11. Let (G,X,α) be a G-space with a metrizable group G. If the space X is metrizable and X0 has empty
interior, then the following assertions are equivalent:
(a) X is compact.
(b) βGX = βX.
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actions. A G-space X is called free if for every x ∈ X the equality gx = x implies g = e. In other words, Gx = {e} for
every x ∈ X. Free actions have been widely studied (see for instance, [1] and [11]). Recently, interesting results about
G-compactifications of free G-spaces were obtained in [2] when G is a compact Lie group. We close the section with
the following direct consequence of Corollary 3.10:
Corollary 3.12. Let (G,X,α) be a free action with a nondiscrete metrizable group (in particular, a Lie group) G. If
X is G-Tychonoff, then the following conditions are equivalent:
(a) X is pseudocompact.
(b) βGX = βX.
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